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Basics of SPH



The governing equations of an ideal gas can also be written in

Lagrangian form

BASIC HYDRODYNAMICAL EQUATIONS

ideal monoatomic gas:

d VP
Euler equation: A Vo

dt i,

d
Continuity equation: d—f + pv "V —
First law of du B PV A(u,p)
thermodynamics: a _ _; TV P
Equation of state of an P — (,), _ 1)pu : v = 5/3




What is smoothed particle hydrodynamics?
DIFFERENT METHODS TO DISCRETIZE A FLUID

Eulerian Lagrangian
discretize space discretize mass
representation on a mesh representation by fluid
(volume elements) elements (particles)
1 ey S
‘ .f/ 7 :
./' ° .
principle advantage: principle advantage:
high accuracy (shock capturing), resolutions adjusts
low numerical viscosity automatically to the flow
« . . . ° collapse > ,}.‘:;g



Kernel interpolation is used in smoothed particle hydrodynamics to
build continuous fluid quantities from discrete tracer particles

DENSITY ESTIMATION IN SPH BY MEANS OF ADAPTIVE KERNEL ESTIMATION

3T T

. . o - SPH kernel (B-spline)
Kernel interpolant of an arbitrary function: 25 normalized to 1

(A(r)) — / Wi(r—r' h) Ar') &

B 15
If the function is only known at a 05F
set of discrete points, we d3?“ll—>@ . of LS N
approximate the integral as a n; . 1005 00 08 10
sum, using the replacement: J
N mj o
(Ai) = Z Aj W(r I'ij; hi) . °

j]_pj

This leads to the SPH density estimate, forAz' — P

This can be
- ™ '
Z mg |I‘@j| h; ) differentiated !




Good kernel shapes need to fulfill a number of constraints
CONDITIONS ON KERNELS

» Must be normalized to unity

» Compact support (otherwise N2 bottleneck)

» High order of interpolation

» Spherical symmetry (for angular momentum conservation)

Nowadays, almost exclusively the cubic spline is used:
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Kernel interpolants allow the construction of derivatives from a set
of discrete tracer points

EXAMPLES FOR ESTIMATING THE VELOCITY DIVERGENCE

Smoothed estimate for the velocity field:

m.
(vi)=>_ —v;W(r; —r;)

i P
Velocity divergence can now be readily estimated:
m .
V-v=V-(vi)=) —2Lv;VW(r; —r;)
P
J

But alternative (and better) estimates are possible also:
Invoking the identity
oV -v=V - (pv)—v-Vp

one gets a “pair-wise” formula:

p@ Z m] V@') V@W(r@ — I’j)



Smoothed particle hydrodynamics is governed by a set of
ordinary differential equations

BASIC EQUATIONS OF SMOOTHED PARTICLE HYDRODYNAMICS

Each particle carries either the energy or the entropy per unit
mass as independent variable

i : oy r h. Continuity equation
Density estimate i = Z Wil ha) automatically fulfilled.

= Pi=(y = Dpiw

+11i;
U Atrtificial viscosity
dv Al P, P\ o
Euler equation L= — Z m; —2?' + —g‘ VW,
dt j=1 Pi P
N * .
First law of duzzlzm, §+5 VAL
thermodynamics dt 2 — J 07 10?4 vwootrt Y
J:



Viscosity and
shock capturing



120 7 7

A
g

An artificial viscosity needs to be
iIntroduced to capture shocks

SHOCK TUBE PROBLEM AND VISCOSITY

viscous force:
dV?; N —_—
T > Il Vi,

visc 71=1

parameterization of the artificial
VISCOSHY:  [citc;—3wijlwi;

if Vi Lij < 0

0 otherwise
sig
’Uzj — er JF Cj - 3’&033,

Wi; = Vij - Tij /| T

heat production rate:
dt 2 “




SPH can handle
strong shocks
and vorticity
generation

A MACH NUMBER 10
SHOCK THAT
STRIKES AN
OVERDENSE CLOUD
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Variational derivation
of SPH



The traditional way to derive the SPH equations leaves room
for many different formulations

SYMMETRIZATION CHOICES

W(|ri;|, [hi + hj]/2)

Symmetrized kernel:

DN | —

Wi
Wi W (|ri;], hi) + W(|ri;], hy)]

Symmetrization of pressure terms:

1 (P P P; P;
Using VP = 2/ PVVP el ) + — < 5 5
2\p;i P \ Pi Pj

Is there a best choice?



For an adiabatic flow, temperature can be derived from the
specific entropy

ENTROPY FORMALISM

Definiti(_)n of an P = A;p)
entropic
function:

for an adiabtic flow:

don't integrate the temperature, u; =
but infer it from: v —1

Use an artificial viscosity to dt — §ﬁ Z ijijVij -V
generate entropy in shocks: Pi  j=1



None of the adaptive classic SPH schemes conserves
energy and entropy simultaneously

CONSERVATION LAW TROUBLES

H ist (1993):
ernquist ( ) If the thermal energy IS integrated,

entropy conservation can be violated...

If the entropy is integrated, total energy
IS not necessarily conserved...

The trouble is caused by varying smoothing lengths... Vh -terms

Do we have to worry about this? YES

Can we do better? YES



A fully conservative formulation of SPH
Springel & Hernquist (2002)

DERIVATION
1 Y -
Lagrangian: L(q, q) = 5 Z mzrf — ’)/— Z fm,zoAip;”_l
i=1 =l
q= (rl,...,rN,hl,...,hN)
A7
Constraints: b;(q) = ?hg’pi — Mgpn =0
doL oL . 0¢,
Equations of dt da: o Oa: - Z )\j adbj
motion: qi 7% =1 q;
dVZ‘ N R R]
== my | fis ViWii(hi) + fj—5ViWi;(h;)
dt 71=1 () pj
hi Op o




Does the entropy formulation
give better results?



A point-explosion in three-dimensional SPH
TAYLOR-SEDOV BLAST

L

QOO0 0O0VCO0OOO OO ONONCOOOO LSOy
(NGOG0 O OO0 000O0O0 G000 000 a0
BSOSO G0N0 00OOR NN 0RO R 000 {rT by

COOOOOOO0VL OO OO O N O0OROLOOOO0 S0y

T T T
SGOLOOOOORO0O0Y
GHOOGOR000000Y

Y
T
Eﬁi

LT

L

L L P

QOGO G OO oG OO OO oGy
COQOCOOOOOCOCOOO0CO0O0Y

QOGO GOO e G OO OO oG
COQOCOOOOOCOCOOOOROO0 o0

Sy
DO Od

&
o
&

LR ]
DOHan
GOS0
DOHon
L.
GOD D

G dd
DD
G DG
LR
G DG
LR
GO G
SOoD
QOoe
SooD
Do e
QoD
QOO0
QOO0
QOO0
QoD

LR

N S

QOOGOOOOOOOOOO0O00
COOQOQOGOGOQO0O
GOOO000G 0000000
GO COCONO0O0 g
]
o
]
O
]
O
o
SHOH00000000
B A N A N

QOGO QOOOOOOOQOQOOO OO0 OO O]
SGOO00000000000

DL DG G B DD
SRR ORORoR
GOOQGoeaROoR

=R R R R R R R R R R R R L R R Y e b T
&
o]
<&
]
o

COLGOLOLOLIGIGOGOGIODLOGOIOL Ol || By
TRROOCOCR0RCLOReRRRRRRR RO ReR
COCOCOCOCOCROROOOOCRCRO RO e Ry

p

<

4

P

|
B
P I TP T P Y
ot =10, [PESOFPFPPTEEP TP
A IR RO T P Ty
GO GGGOOOOEOA OGO 000000000004
SESOOOO00000000000000000808088
BB GGGOOOOEONELLL000000000004
COTOBOO0000000R 0000000000000
GG OeRORORD I YYY
8352522858 %33333333335
oooooﬁaﬂﬂqig}‘*ﬁ’ 2 Bo%Flocsocotonnd
0000000sReY o ‘ﬁgggoooooam
o0 O oo e e @ o CRGGOOTODOT
GO0 & k- COOO0O0Y
OO Oa GOOTO0d
GOOOOMING 00 & 0 O 00 CHNO000000Y
PPN PRy
P, 9 o $IE000000004
G000 B00050 & e PSP TTTY
&l b o e O G 0 Gfoec00006004
POVOPOOOGHT 0% § Do RBeCO000000Y
00000000055 e SEO00000000d
ooooﬁ:-ooao"%%g §¢o¢o¢o¢o¢o¢<
GHOGGOOOOD OOt eOe0000d
T T R I T LTI Yy
PSP PSP LTEEELS S PP PP PP ETPERET
e I I I TN I T I I Y™y
GO COROROO0000000000R00000000Y
GOTOGOO00000000000000000000000Y
OGO OOO00000000000000000000001
SOOODE GOOGOOOOIOD 9004

L

QOO0 0O0VCO0OOO OO ONONCOOOO LSOy

COOOOOOO0VL OO OO O N O0OROLOOOO0 S0y

S
R T . B R R R B R - 0 0
et =05 600006888606 0600008881
T L L L R R L L R -
GOOGOO0000000000000000000000004
e R R R e e e R R R R - R R
GOOGOO0000000000000000000000004
e R R R e e e R R R R - R R
GOOGOOO000000000000000000000004
e R R R e e . R R R R - R R
GOOGOOO000000000000000000000004
CHOOOONOO0000DRV00I0IOOCOOOD00E
¢¢o¢o¢¢¢o¢¢og§ $¢o¢o¢¢¢¢¢o¢oo<
200000 OOOoeiy Shoveeeeen0o0ay
GOOGOLHORe &gooaqaoooooaq
GHOOGOBOOE OO0
GOOOO000000M O 0 SNOGO0G0000004
GOOOGOGO00 SO0 0
GOOBOO0000 GOGOBOOO000E
SOOBOODOO0, B ee L0000 0000d
oaoaoaaaaoor:}%% fgocooaaaacmaom
GOCOOOBODOOOOORI0OD0DODOOOODDDY
HHHOOO000000000000000000000004
R R R e g e R R R R R - R
GOOOOOO000000000000000000000004
R R R e s e R R R R - R R
GOOOOOO000000000000000000000007
R R g R e e e R R R R - R R
GOOOOOO0O0000000000000000000004
CHCOOONO000N000000000000000000T
e L T T T
SEOCTOOOROTIOTFORIOROOTOIRORODY
sy S
R o R B R R B - R 0
ot =1, E0O0O000000000600000
Bo e e 3OO OOCOBOTOOOOOOTTOY
BOOGOO00000000R0000000000000004
o¢o¢¢»¢o¢-ao¢é§ g COCOBOBODOODY
GOOOOODOD 200000000004
SHOGOO00D GOS0
oooooooﬁ.&b@o @ o @ f¢¢¢¢¢o¢oo4
sooeoedigng e © 4 ° oLt eo000
oooooﬁ‘%@ oo & ‘oo © COeeeeoY
Y- * oV ® ¥ o PGP0 o000y
6000082 o g, &£ 0 o GR000000Y
GO o GO0
aoowms!ao o,:,%%ooooaoq
GO0 SO0
e o S O O OGO 0 O Ol
oo GO0
aoa%ﬁo o‘?%oaaod
So0 . O s o Sooed
Py ¢ o & o %{:: @ Sooosd
GO o & PRt
oooog‘%% ﬁ“ % g o °¢o% neeooad
COTODO & w & © %oooﬁoﬁﬁ}ﬁ{
CEOCOTO RN & T O 0ateeret0000d
L L d Ty SR ee0000d
GOOCLOHOTn GHeOeOLeeod
COHCOCOTOOTD e s e ey
GOOCOOHOO0O0ODA00000000R0000001
GOCOCOGO0000000000000000O00000Y
GOOOO00000000000000000000000004
Soeoe POOVOOVOOOBEOR00S

4

T TR T T
AN SQGOOOOOODOOO0 0000008
GOGOGO0000000000000Y
SOGOOOOOOO OO0 00 00
SODOROR00O00RR0000y
SOQOQQOOOOORO0O00O0y
DQOOQOOROOC0OR000y
g SGOOOOOOOOOORO0g
@

¥
R

=

o
o
&
DO
Oy
DD
LR

s

]

A
DOOOCOOROOOO000d
PLOGOOOOOOOO000Y
GO0O000000000Y
il

&
&;Pooo GOODO0D

&
<&
&
&
]
&
]
o
o

DOCOLOOROLedy

QOQOROOOO OO0

LOQO0O00000 0
QOGO O
GOOOOO 0L

e

LR R Rl R R R e

Tt 0000000
GODOBO0000
oot 00000000
SO0000000D00
COCCODO00ROORD000TOOOTOOOT]
COCOO0000ODOD00O0000000004
COTOO0O000D000IOOOTOO0OD0]
GOOOO000O000000000000000E
COTOO0O000D000OIOOOTOO0OD0]
GOOCO000O0O00000000C0000
COPOOOD0O00000D00OBOOD
GOOOO00000000000000R0D
R e R L g R R R R e Y

&4
o4

o8

o4

&4

PRSP0
ﬁaooooooood

< & T
&4

o4

E=X

QOO0 0O00GO0OO OO ONONCLOOOOLS0Y
[CO0OGO0O0GGOCO000O0R0O0O0 R0 OO0
BSOSO OON000OOR 0NN ONOR000 O rT by
LOLGOLOLOLIGIGOGOGBOBOOGOOOLOL | By
I R R Rk R Rl Kol Rl BrRa Rl e BB B el e B 3

| ROQOOQROn
COLOeLe

D
L=
oo

Al o e b Lol

PP 00000 Fopan

R 0 s )

¢ot =(0.080

L0 vumwvws

2000000

focoos o

,¢¢o¢¢¢%§ e Oy @

¢¢¢o¢%,}¢ 'ﬂ'ﬂ g &

Feooedhbliie & To¥ 2 0000 d

| o AL COo oY

2 P & 4

L Ho® & @ oos

oMoo ¢o Yo G

IR T s ooy

oo o &4
@

POOOMNOG G000 B o !

i w0000

B oq 0

E =3 T ae O

re P o 4 o4

| G o 2

G oo o os T, g eoq

OO On f""ﬁ‘;} PR T GO

¢ooo¢4§9¢¢ e® % & Geoed

¢009¢¢,,°9§90¢ 5 e - Haeoond

leooooos o &4 R0 00od

GOOOOOOH 4

fooooooboa E g g

|osooooooco 4

$PGO000000000509 §

L

® Geometric formulation gives completely unphysical result (no explosion at all)
® Standard energy formulation produces severe error in total energy, but asymmetric form ok
@ Standard entropy formulation ok, but energy fluctuates by several percent



There is a well-
kKnown similarity
solution for
strong point-like
explosions

SEDOV-TAYLOR
SOLUTIONS FOR
SMOOTHED
EXPLOSION
ENERGY
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There is a well-
kKnown similarity
solution for
strong point-like
explosions

SEDOV-TAYLOR
SOLUTIONS FOR
SMOOTHED
EXPLOSION
ENERGY
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There is a well- 4
kKnown similarity
solution for

strong point-like
explosions 3

SEDOV-TAYLOR
SOLUTIONS FOR
SMOOTHED
EXPLOSION
ENERGY
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The new conservative formulation gives better results for

adiabtic flows
EXPLOSION PROBLEM

energy, standard energy,
geometricy

energy, asymmetric entropy, conservative

a 2
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_IIIIIIDIlpl = EIIIIIIIIIIIIIIIIIIIIIII|IIIIIIIII_

t=0.040

entropy, conservative
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Neighbor search in SPH
RANGE SEARCHING WITH THE TREE

An efficient neighbor search is the
most important factor that
determines the speed of an SPH
code

But: A simple search radius is not
always sufficient, since for the
hydro force we need to find all
particles with

r; —r;| < max(h;,h;)

Solution: Store in each tree node the
maximum h of all particles in the node.




SPH accurately conserves all relevant conserved quantities
in self-gravitating flows

SOME NICE PROPERTIES OF SPH

% Mass is conserved

% Momentum is conserved

X Total energy is conserved — also in the presence of self-gravity !

* Angular momentum is conserved

* Entropy is conserved — only produced by artificial viscosity, no
entropy production due to mixing or advection

Furthermore:

* High geometric flexibility
* Easy incorporation of vacuum boundary conditions

* No high Mach number problem



Fluid instabilities and
mixing in SPH



In SPH, fluid instabilities at contact discontinuities with large density
jumps tend to be suppressed by a spurious numerical surface tension

KELVIN-HELMHOLTZ INSTABILITIES IN SPH

Agertz et al. (2007)

t =0.33 TKH

GRID1




A simple Gedankenexperiment about mixing in SPH

cecsse ® © © - .
PI =8 eeeees . o o P2=1 The pressure is constant:
000000 2
| Bessese o o Pi=(—Dpum=3  P=P
Uy = — eeeeee _ . ur, =1
8 iefetatete o o o The specific entropies are:
000000
S HOR a=b 1, 2
S T, p) 48 3
1 = E 2= 2
ApY—1
' Etherm = / dm
Let's calculate the total thermal energy of the system: . v—1
Eherm = 1
We now mix the particles, keeping their specific entropies fixed:
9 _ 9
0:00'0'00000 All particles estimate the same mean density: Mo = = P = =
@ 0e0o ® o 2 2
0e®e 0 o 0%
':’0"0“.0’0 The thermal energy thus becomes:
@ 00y @
0g® [ Py ) —2/3 =2/3
o:o:':°.00:0: Emn - MAp / M>A>p /
therm —
..'...Q:.....':. 2/3 2/3
2/3
B 5 (9 / 17 ==) This mixing process is
therm = & \ » — energetically forbidden!



What happened to the entropy in our Gedankenexperiment ?

In slowly mixing the two phases, we preserve the total thermal energy:

| 2 yyl 2 u . 98/3
Expect: = 5 =3 52/3 A= 307 ~ (.054

The Sackur-Tetrode equation for the entropy of an ideal gas can be written as:

k & 273
2 u pY h? 3

If the mass in a system is conserved, it is sufficient to consider the simplified entropy:

S—=MInA

When the system is mixed, the change of the entropy is:
AS = M, InA — (M InA| +~M>1nA>)

AS~2.55 > 0 ==) Unless this entropy is generated
somehow, SPH will have problems to
mix different phases of a flow.

(Aside: Mesh codes can generate entropy outside of shocks — this allows them to treat mixing.)



New developments in SPH
that try to address mixing



Artificial heat conduction at contact discontinuities has been
proposed as a solution for the suppressed fluid instabilities
ARTIFICIAL HEAT MIXING TERMS

Price (2008) Wadsley, Veeravalli & Couchman (2008)

Price argues that in SPH every conservation law requires dissipative terms to
capture discontinuities.

The normal artificial viscosity applies to the momentum equation, but discontinuities
in the (thermal) energy equation should also be treated with a dissipative term.

For every conserved quantity A

2_jm;dA;/dt =0 This is the discretized form of

a diffusion problem:
a dissipative term is postulated
dA

dA:‘ AaVsi - (_) ~ ”VEA

i JOU

that is designed to capture discontinuities. 1 o< AUVsig|Tii|



no dissipation

——W
——M
art. visc.
art. cond.

cond+AV switch




Another route to better SPH may lie in different ways
to estimate the density

AN ALTERNATIVE SPH FORMULATION

“Optimized SPH” (OSPH) of Read, Hayfield, Agertz (2009)

. . . OSPH-HOCT4-442
» Density estimate like

Ritchie & Thomas (2001):

N A 1
AN _
Pi = Z (Aj) m;Wi;

J

100 150 200 250
100 150 200 250
100 150 200 250

» Very large number of
neighbors (442 !) to beat
down noise

50
50
50

0

0 50 100 150 200 250 0 50 100 150 200 250 0 50 100 150 200 250
» Needs peaked kernel to RAMSES; 256 x 256 cells, no refinement, LLF Riemann solver
suppress clumping
instability

@ This in turn reduces the
order of the density
estimate, so that a large
number of neighbors is

reqwred- °0 50 100 150 200 250 °0 S0 100 150 200 250 CO0 50 100 1%0 200 250

100 150 200 250
100 150 200 250
100 150 200 250

50
50
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