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Statistical Mechanics of astrophysical
plasmas/gases
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first six energy states and wave functions in an infinite square well
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a non-interacting gas can be
represented by a 3D box in
which it is contained (with
inpenetrable walls)

energy eigenvalues
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all these states can be
occupied!



Total number of states and state

density
T RNy S(E) = T 9 (9m)H2 B2
b(E) = 3 ha(Zm) E 3 7,3
i i3(5) v w(E) = zwﬁ(sz‘/ml/?.

A(E)= 27rgh3(2m)3/2E1/2

the same per volume

total number of states in a given 4w g g
volume V=d’ up to energy E, and ®(p) = 3 7,3 73D
state density at that energy dd(p)

wip) = —an 2 Z_p?
g measures degeneracy of state () dp h?

the same for momentum p with
E=p?/2m
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Occupation probability for different statistics

Fermi distributions with wu=5 and kT=5, 0.5, 0.05, 0.005
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f(p) measures the probability
that a state at energy E or
momentum p is occupied.

How is the chemical potential
determined?



Thermodynamic Properties

if not already known (0 for
photons), the chemical potential
can be determined from the first
equation, as we know the number
density n of gas particles.

dnj: j

h3

I 2
b=t me —len( g (27rka)3/2) L me

chemical potential and dn for a
Maxwell-Boltzmann gas
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Preview on chemical equilibria

a reaction involving particles 1 through 4 (with the C's
being integer numbers) is in equilibrium, i.e. the forward
and backward reactions occur on timescales shorter than
the observing time. Then the following relation holds
between the chemical potentials.

Cy particlel + Cy particle2 = Csparticled + Cyparticled
Cijin + Cafig = Cyjiz + Cafig
=+ me?.

The chemical potential obtained from the total number density n provides
information on energy/momentum distributions of particles. It is only
determined up to a constant. If energy generation due to mass differences
in reactions is involved, the above equation is correct, if the rest mass
energy is added.

The above equation leads to solutions for the relative concentrations as a
function of total (mass) density and temperature.



A sketch on nuclear reactions

-1

number of reactions target 'sec™  r/n;

flux of incoming projectiles n;v

g =

if one neglects spins of participating
T particles, the fusion cross section can be

0 = ﬁ E(Ql + 1)TI determined just by the sum of partial waves
1=0 with transmission coefficients T, for angular

o0

momentum 1

for low energies the fusion cross

T
0~ @Tlﬂ] section is dominated by s-waves (1=0)

Ifin kfinl®fial* transmission coefficient determined by
= Jin  Kin|Ginl? ratio of penetrating to incoming flux.



Reactions with neutrons
“central collision”, 1=0

neutron capture

plane wave with momentum k|

approaches nucleus, partially
reflected and partially entering
— nucleus (inside nucleus

momentum k).

kAP gk
- k1|A1|2 - |]€1 + k2|2.

k2 dominates over k1 due to

T

potential depth

N 4k

| otk
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Cross sections with charged particles

proton capture 2 f
h

transmission coefficient
from WKB approximation

T = =277

B m Z1 726>
T=\oE &

Sommerteld parameter.

for Coulomb barrier
" penetration



cross sections for neutrons and
charged particles

(1) neutrons Ty o ~ %
Vouk 2u( B
klz ;_il’ kz:\/u(h—l_Q)%COﬂSt for E<<Q
- T 4k1 1 o e .
i “#2 "k, ©k  declining as function of
1 1 bombarding energy

O X —F—= = —

VE v

(i) charged particle captures T, o = e~ ™"
2
T —2my h™m —27n
g — —¢€ = ——e
k? 2ukE

increasing as function of energy
by orders of magnitude due to

[ ZiZse
"“V2E & Coulomb penetration




Introduction to reaction rates

: —1np—1 .
o number of reactions target™ sec _ rng r=0vn;n;

flux of incoming projectiles n;v

reaction rate r (per volume and sec) for a fixed bombarding
velocity/energy (like in an accelerator)

i = / o - |5; — U] dngdn; for thermal distributions in a hot
plasma

e.g. Maxwell-Boltzmann (nuclei/nucleons) or Planck (photons)

47rp] PZ 8 Vidy 1 E?ydE’Y

dnj:n]( 2mm; kT )3/ B3 kT)dp ’ = S w1 PR explByJRT) -

for two MB-distributions for i and j one obtains after variable transformations

(o0)(T) = ( 8 )1/2 : 5111)3/2 /0 " Bo(E) exp(—E/IT)E

ﬂ,ﬂ'

ric = nin; (00), i



log integrand components

Temperature dependence of rates

oa+o

B | for neutron captures
— 1,001, 0,025, 0. S(E) [MeV barn] ] close to constant (at
L 7(€) [barn] I 2E)E exp(-E/kT) [V barn] ] higher temperatures,

i.e. higher velocities,
multiplied with 1/v
dependence of cross
section)

10

for charged particles
the contribution to
the  integral  is
strongly rising with
temperature




Reaction networks

1

reaction i+j->m+o i(j,0)m with reaction rate ;= ——n;n; (o)

on; B On; -
(E)p = (W)p = Ty
on,
(ﬁ)p = ( ot )p = T

Introducing abundances
Y and mass fractions X

ng

Y, =
PN 4

1+
J
(avoiding double counting for reactions of identical
particles)

resulting changes in number
densities of participating nuclei (for
constant mass densities!)

p = %:Znimi:Z%miNA




Reaction networks

i(j,o)m :
decay i->m
: 1 On; Ties 1
Voo (I o T Ny (ov). . YiY;
pNA( o * oo~ 14g0 A (o0l 1
) _1 ) n r.
Y; = pN4 (ov), . VY, Vi = (—), = ——
T 146 (o0l i1y (pNA)p pNy
: I : :
Yo= 15, PNalovn; B, >Yi=-\Y;  Yu=)Y
- 1
Y pN4 (‘”’)z';j Y;Y;.

N 14 6;;

general: N's count number of particles produced/distroyed in the
reaction (positive/negative)

. N
’ i ’k
J 1k g




General compound cross section

- O

C

thermally populated states

m

ol 0) = i (14 6;) Z(QJ 1)T]'(E, J,n)T,(E, J,7)
AV SNV RSy - Tyl B, J.7) for statist. model
| Cross sections

including spin and parity dependence


http://www.nucastro.org/

Reverse rates

T (146a)2/+1) TT, m (146)27+1) TT,

)7 = 0y jjo J =19
ol = A 1L +1) T b B 2L+ 1)L +1) T
Dy 2UomEom Dy ZMUEU
bR =T

Jr = (zIx + 1) Ez; = Eom + Qo,j-
WUW”__1+&J%%M£

but true for any state at that

Um(ouj)J B 1+ 60m G4y k_]z energy
going through a T L4+ 0 Godm kg "
specific state J in the oil3,0; Bij) = —0nl0,J; Eom)

1+%m%%k?

compound nucleus



Reverse rates

1+ 6;5 ( 8 )1/2 1 /Oo GoGm k2 .
oV}, = E;; oml0, 1; E,

X exp(—Eij/kT)dEij

1+ 63']' Yom  Fom 3/
— exp(—Qo,;/ kT
1+ bom gig; ( ig ) (=Qu/FT)

8 \'* 1 ™ .
X (#om’”) (kT)3/2/0 Eomom(0,7; Eom) exp(—Eom /kT)dE,pm,

Lt 8 Gl hom 312 e, T o)

(UU}g';j,o

" 1+ bom Gigj © phij

containing the Q-value of the reaction (nuclear mass differences)



Reverse photodisintegrations

1 gi(y, 0, Ey)E2 \ 1 /oo Jo9m zﬂomEom ( B )Ez
. A 2] 5,0~ "o 0.2 ¢ Tm\ 0,y Do
Tzv—”zﬂzczh3/0 exp(E 7/kT)—1dE LY 0 (L4 bom)gi E.% " e
= nidisyolT)
® g0 B E2 X exp(—E,/kT\dE
Aisg,o(T) = 1 / kil : dEy. p( 7/ ) 7
aE r22h3 o exp(E  JET)—1

L gogm
= exp(= Qo k)

photodisintegration rates only T- s gi
dependent!
o0
hw E
ky = % = h—?“z = h—z gy =2 X /0 Eomm(0,7; Eom) €xp(=Eom /KT )dEym,
\Y; 2 omEom
ko % ﬂh E7—E0m‘|'QO‘T

goG Moka W
Ml )= T ( It ) AR

C
(1+bom)gi EY relation between photodisintegration
rate and reverse capture rate



Reaction equilibria

reaction network for i(j,0)m if forward and

backward reaction

Vi = YJ = —pNy <UU)”0YY t pNa{ov), 0,] 20 are in equilibrium,
V=Y, =V we have for all

m= 0 indices

Yz YJ - _pNA <UU) ,mYYf + )‘m;'y,ij

Y =0

Y, =-Y. in this case o is a photon

this leads to the following abundance relations

Yin Y5 (00)ij, Y _ P NA(UU)WY-
?i a ?o (UU)m.Oj Y; )\m57:j !
1" 2
B Y} gon MoMpy 3/2 | — \N.Y: Gm M 3/2 27h 3/2 LT
- ?o ngm ( mim; ) eXP(Q.T:O/kT) = pPiVA .TgJG (m m]) ( LT ) eXP(Q.T:'T/ )

The same results would have been obtained, if the equations for chemical
equilibria would have been utilized which include the chemical potentials!!



Nuclear Statistical Equilibriuim (NSE)

MZ,N)+ jpp = (2 +1,N)
i.e. neutron or proton captures on nucleus (7Z,N) are in chemical
equilibium with the reverse photodisintegrations.
I this is the case for all neutron and proton captures on all nuclei (hot

enough to overcome all Coulomb barriers as well as having high
energy photons...) this leads to

Nrueutrons + Z protons = (Z, N)

Nﬁn + Zﬁp = [tZ,N-

)\ 3/2
with o pNaY: [ 2nh 2
i = kTIn ( G (mikT + m;c




Solving NSE

vpy | PNAY(ZN) [ ot ik
G mz Nk +mZ=NCZ X In pNY(ZN) [ ot i
- GZaN mZ’NkT
_ N k7 [ PV (zwhﬁ)?’” ) ; )
In kT MyC N,Y, )
| m Nln(‘) 9A (QWZT) gy [Py 20 ”
- LA gp \mpkT

_I_Z T PNAYP (Q,H.EQ)?)/Q 2
g\ mpkT T mypc Lo
kT(Nm"C + Imyc’ —my ') = By v kT,




Solving NSE

with A=N+7Z myg=rm, mprRm, mzyN~Am,

this leads to

[ )

A3 [ o 4
Y(Z,N)=Gyn(pNa)* exp(By v [FT)Y, Y,

24 \ m kT
and can be solved via two equations Z AY; =
(mass conservation and total proton ;
to nucleon ratio Y ) for neutron and
Z Z; Yz — 1le

proton abundances _
(2



Stellar

Hydrogen Burning
The CNQ Cycle

Burning Stages

P-P Cycles

p=preacion

b anch 2 {15%)

¥

e-l-
+

-]
7

K, 1.7 Me fmax )

tHe &
T sl
- e
. 5C N

*H

E™ Electron {=

- JP :?:
i

0 \ N ."' ue +E"‘
T I
. i W
' 12 MeVimari N
©
\F

0+ — ot oY
H H iH

042 Me¥imaz)

:pepe reaction fone time i SO0

B+ 8 — WY
iH H iH

1454 Me fmax)

&+ — '?' +®
iHe iHe Be

o.}ai-‘u'

0B MeV
ILi  (s0opercent)

¥ 6

&+ —— e
iHe iHe fHe H H

A+ — % + (0

iHe éHe Be

V-0
B

v-l-l—)
Be

wrh — ) Be ..E.”u
H M He i o
7
+ + oy — # + {c
i H iHe iHe
branch 1{85%) branch 3{0.01%)
&

m+e++u

‘B ‘Be

10

15 MeV imax}

H— 9
iHe ‘He

1




Stellar Burning Stages

1. Hydrogen Burning T =(1-4)x10’K
pp-cycles > H(p,e*v)’H
CNO-cycle ->slowest reaction  “N(p,y)"°O

2. Helium Burning T=(1-2)x108K
‘He+*He < %Be SBe(a,y) 2Cl(xx,y)1°0]
“N(x,y) BF(B) B0 (et,y)**Ne(ax,n) > Mg

3. Carbon Burning T=(6-8)x10°K
RC(2C,x)*Ne BNa(p,0)*°Ne

12C(12C,p)23Na 23Na(p,y)24Mg



Stellar Burning Stages

4, Neon Burning T=(1.2-1.4)x10°K
2Ne(y,x)1%0
2ONe(or,y Y Mg[(x,y)?8Si] 30kT = 4MeV

5. Oxygen Burning T=(1.5-2.2)x10°K
160(160,0()28& 31P(p,0()288i
160(160,p)3lp 31P(p,y)23S
160(160,11)31 S( B+)31P

6. “Silicon” Burning T=(3-4)x10°K

(all) photodisintegrations and capture reactions possible
= thermal (chemical) equilibrium
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Log7(s)

Explosive Burning

[ [ I [ 1m0
p=10°
He-burning
"
=
=)
Crburning =
p=10" S burning
Me-buming
=10
C-buming
1 | I I \ | I | | ] ] ]
2 4 ] L) 10 2 4 5]
T, Ty
C @) Ne Si

typical explosive burning process timescale order of seconds: fusion
reactions (He, C, O) density dependent (He quadratic, C,O linear)
photodisintegrations (Ne, Si) not density dependent



Explosive Si-Burning

- normal freeze-out -
L e _
1{)9 — incomplete ]
B burning .
ﬁ
E 8l —
=1 10 C e
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. alpha-rich freeze-out
L L _
L ]
posle ="
5 . 10

Explosive Burning above a critical temperature destroys (photodisintegrates) all
nuclei and (re-)builds them up during the expansion. Dependent on density, the full
NSE is maintained and leads to only Fe-group nuclei (normal freeze-out) or the
reactions linking *He to C and beyond freeze out earlier (alpha-rich freeze-out).
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Quasi-Equilibrium (QSE)

full NSE is not attained, but
there exist equilibrium groups
around *8Si, *°Ni and n,p,*He,
which are separated by slow
reactions
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alpha-rich freeze-out

1 T T T T 11 T T -4 T T T T 1 T
C ': pe — Scr |
- x ®cp _ B ]
B . - B
L alpha-rich freeze-out -5 — @ A4 “Ca —
L : L -
X X X>< - & ﬁ 32 j
- a &S 4
A= XK ;_\_ 61— ﬁ A N
S S r A4 - -
- ) I % R |
- [: X _
X W A A 7]
B 7 A |
— X I~ A A -
X > i o build-up of alpha-nuclei ]
| . . ~ IAN below Ni (Fe) .
e Increasing entropy 8 |
C B N |

_ 1 1 1 Lo | ] 1 C L 1 ] | RN N | 1

107° 107° 01 1
To'/p Xgo
Thielemann et al. (1996) increasing entropy

alpha-rich freeze-out occurs at high temperatures and/or low densities and is
a
function of entropy S in radiation-dominated matter
* it leads to the enhancement of “alpha-elements”
and also to the extension of the Fe-group to higher masses (°°Ni to **Ge and
for very high entropies up to A=80)



“Historical”

Burning Processes
B’FH and Cameron

(1957)

H-Burning
He-Burning
alpha-Process
e-Process
s-Process
r-Process
p-Process

X-Process

Present Understanding

* H-Burning

He-Burning

expl. C, Ne, O-Burning, incomplete
Si-Burning

explosive Si-Burning

about 70% normal freeze-out Y _=0.42-0.5,

about 30% alpha-rich freeze-out Y _=0.5
s-Process (core and shell He-burning,

neutrons from alpha-induced reactions on
>Ne and °C)

r-Process (see below)
p-Process (p-capture/photodisintegration
of heavies)

x-Process (light elements D, Li, Be, B
[big bang, cosmic ray spallation and
neutrino nucleosynthesis])

not yet known




The Heavy Elements
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S-, - and p-Process
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Processes in the Nuclear Chart
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