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Meshless Methods: Partition of Unity

At any point x in space in the domain, we assign a volume partition
1;(x) to each particle ¢ such that

> hi(x) =1 (1)

We choose
m(x)zﬁmx o D) (2)
ZW — x5, h(x)) (3)

W (x) can be any arbitrary function at this point. In practice: use
spherically symmetric kernel functions with compact support.



Meshless Methods: Partition of Unity

In general, no point in space is assigned to only one particle.
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The volume distribution amongst three particles on a periodic two-dimensional domain with side length of unity in arbitrary units and
periodic boundary conditions. The colour at each point of the domain is determined by assigning RGB values of 1) of the red, green, and
blue particle at that point.



Meshless Methods: Partition of Unity

Even for spherically symmetric kernels W, the volume partitions
¥;(x) in general will not be symmetric due to w(x)
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The partition of unity 4 (x; — x, h(x;)) for the black particle i at the position x; with smoothing length h (x; ) using a cubic
spline kernel. The white points are neighbouring particles withing the compact support radius of particle i.
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Meshless Methods: Hydrodynamics Equations

To obtain a discrete hydro scheme, we start with the Euler
equations in conservative form:

Ok (VP =0 ()

for every component k of the state vector U and the flux tensor F:
p pv

U= |pv F = | pvv; + PL (5)
E (E+ P)v



Meshless Methods: Hydrodynamics Equations

We arrive at the expression

d
&(ViUk,i) + ZFk:,vij “A; =0 (6)
J

with associated particle volumes

1 2
Vv, = /Vw,l;(x)dV = — + 0K (7)

w(x;)

and the flux F;; between particle i and j.



Meshless Methods: Effective Surfaces

There are two expressions for the effective surfaces A;; in literature:

+ Following Ivanova et al. 2013:
A,; is given by the integral:

Ay = [ 5696, - 030 Vw14V (8)
1%

A = ViVy(x;) — V;Vibs(x5) + O(R?) (9)

+ Following Hopkins 2015:

Ay = Vit (xi) = V2 () + O(?) (10)



Meshless Methods: Effective Surfaces

The )(x) come from the O(h?) accurate discrete gradient
expression from Lanson and Vila 2008:

%ﬂxﬂxi =D (Fxy) = Flx0)) 95 (x2) (11)
B=v

U(xi) = Y B (x5 — %) (%) (12)
B=1

B, =E;' (13)

EfP = (% — %)% (x5 — x:)P1p;(x:) (12)



Meshless Methods: Effective Surfaces

Ivanova version:

+ Analytical expression; Allows to demonstrate that conservation
laws hold, easier interpretation

- No code is applying it
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Hopkins version:

- Expression follows through use of discrete gradient
+ |s implemented in GIZMO



Meshless Methods: Effective Surfaces

Ivanova version:

+ Analytical expression; Allows to demonstrate that conservation
laws hold, easier interpretation

- No code is applying it

Hopkins version:

- Expression follows through use of discrete gradient
+ |s implemented in GIZMO

A,; are rather abstract expressions. How can we interpret them,
how do they behave? Are there significant differences between the
Ivanova and Hopkins version?



Regular Grid Particle Configuration
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+ A,; point towards neighbours

* |A;;| ratio Hopkins/lvanova vary between 1.06 and 0.33. Ratio
tends to lower values with increasing particle distance.
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Irregular Particle Configuration

0.4

03

Hopkins Aj; at x;; = x; + ﬁf(x, —X;) [vanova Ajj at x;; = x; + ,’—/"T(X, —X;)
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« A,; don't point towards neighbours!

« Ivanova: v is not spherically symmetric = Vi won’t be either

« Hopkins: Matrix multiplication in .

* |A;;| ratio Hopkins/Ivanova vary between 1.6 and 0.28.
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Checking Conservation Properties

For a finite volume method: expect Zj A;; =0

- regular particle grid: Satisfied to machine precision
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Checking Conservation Properties

For a finite volume method: expect Zj A;; =0

- regular particle grid: Satisfied to machine precision

» irregular particle grid: sum is around the same order of
magnitude of a single A;;. lvanova version is smaller than
Hopkins

* >_;|A;[: lvanova version is smaller than Hopkins
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Dependence on distance

Effective Area A;; of a particle w.r.t. the central partilce in a uniform distribution
A
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A,;; increase with distance, then drop again. Hopkins: higher peak
values; Ivanova: higher relative contribution at distance
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Dependence on Kernels

Effective Area Ayj of a particle w.r.t. the central particle (black) in a uniform distribution for different kernels
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Summary of Findings

« clear differences in both magnitudes and directions of the A;;
obtained using the Ivanova and Hopkins formulation
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Summary of Findings

« clear differences in both magnitudes and directions of the A;;
obtained using the Ivanova and Hopkins formulation

* >, [Ayj| of the Ivanova < Hopkins version
= smaller total fluxes possibly allow bigger time step sizes

+ Ivanova method displays higher relative contribution with
increasing distance

+ Ivanova A,; are always well-defined, even in troublesome
particle configurations
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Prelimiary Results of Hydro Tests

Spherical Sod Shock
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Prelimiary Results of Hydro Tests

Sod Shock
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Prelimiary Results of Hydro Tests

Internal Energy u

Sedov Blast
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Prelimiary Results of Hydro Tests

Noh Implosion test

°  lvanova

o Hopkins

o 0
3 1
Z 100
5 i
75
50

Pressure P

—1.2
00 o1 02 03 04 05 00 01 02 03 04 05 00 Ol 02 03 04 05
08 Radius r 020 Rudiu Radius r
. Noh problem with 7= 1.667 in 2D at 1 = 0.60
05 ICs: (My.po. o) = (1.00e — 06,1.000,—1.000)
=
& 0.10
g =
Fel 5
g B 05 GIZMO MFV (Hopkins 2015)
= Cubic spline (M4)
0.00 15.14 neighbours (n = 1.235)
0.05
00 01 02 03 04 05 00 o0l 02 03 04 05

Radius r

19



Prelimiary Results of Hydro Tests

Gresho-Chan Vortex
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Prelimiary Results of Hydro Tests

Sedov Blast with fixed particles
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